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1. decay properties for wave equations

Let us recall the solution to the Cauchy problems of wave equations.

Theorem 1. Let u0 ∈ C3
c (Rn), u1 ∈ C2

c (Rn). Then

∂2
t u−∆u = 0, (t, x) ∈ R+ × Rn,

(u, ∂tu)(0, x) = (u0, u1)(x), x ∈ Rn,

has a solution u ∈ C2(R+ × Rn) which is defined by

u(t, x) =


1
2 (u0(x+ t) + u0(x− t)) + 1

2

∫ x+t

x−t
u1(y)dy, n = 1,

1
2πt2

∫
Bt(x)

tu0(y)+t∇u0(y)·(y−x)+t2u1(y)√
t2−|y−x|2

dy, n = 2,

1
4πt2

∫
∂Bt(x)

u0(y) +∇u0(y) · (y − x) + tu1(y)dSy, n = 3.

In the following, we discuss the decay properties of the solutions to heat equation
and wave equations.

Example 2. Let n ∈ {1, 2, 3} and u1 ∈ C∞
c (Rn). Then there exists a constant

C > 0 which is independent of t such that for t > 1 the solution to

∂2
t u−∆u = 0, (t, x) ∈ R+ × Rn,

(u, ∂tu)(0, x) = (0, u1)(x), x ∈ Rn,

satisfies

∥u(t)∥L∞(Rn) ≤ C(1 + t)−
n−1
2

[n2 ]∑
k=0

∥∇ku1∥L1(Rn).

Solution. For n = 1, by the d’Alembert formula,

∥u(t)∥L∞(R) ≤ C∥u1∥L1(R).

For n = 2, the solution is

u(t, x) =
1

2π

∫ t

0

r√
t2 − r2

∫
|ω|=1

u1(x+ rω)dSωdr.

Then for t > 1, we write

u(t, x) =
1

2π

(∫ t− 1
2

0

+

∫ t

t− 1
2

)
r√

t2 − r2

∫
|ω|=1

u1(x+ rω)dSωdr

:=
1

2π
(I1 + I2).
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Since

|I1| ≤
1√

t2 − (t− 1
2 )

2

∫ t− 1
2

0

r

∫
|ω|=1

|u1(x+ rω)|dSωdr

≤ 1√
t− 1

4

∥u1∥L1(R2),

and

|I2| ≤
1

2π

∫ t

t− 1
2

r√
t2 − r2

∫
|ω|=1

∫ ∞

r

|∂su1(x+ sω)|dsdSωdr

≤∥∇u1∥L1(R2)

∫ t

t− 1
2

1√
t2 − r2

dr

≤
√

2

t
∥∇u1∥L1(R2).

Therefore
∥u(t)∥L∞(R2) ≤

C√
1 + t

(∥u1∥L1(R2) + ∥∇u1∥L1(R2)).

For n = 3, by the Kirchhoff’s formula,

u(t, x) =
t

4π

∫
|ω|=1

u1(x+ tω)dSω,

then

|u(t, x)| ≤ t

4π

∫
|ω|=1

∫ ∞

t

|∂su1(x+ sω)|dsdSω

≤ 1

4πt

∫ ∞

t

s2
∫
|ω|=1

|∇u1(x+ sω)|dSωds

≤ 1

4πt
∥∇u1∥L1(R3),

for all t > 0.

A Supplementary Problem

Problem 3. If u ≡ ∂tu ≡ 0 on {t = 0} × Bt0(x0), then show that the solution to
wave equation ∂2

t u−∆u = 0 satisfies that u ≡ 0 within {(t, x) : 0 ≤ t ≤ t0, |x−x0| ≤
t0 − t}.

For more materials, please refer to [1, 2, 3, 4].
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